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Sketching Angles, Circles and Arcs

1. Sketch the rays of the angle 30° in the 4. Sketch a circle of radius 8 units in the
standard position of a coordinate system. coordinate system, centered at (0, 0).
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Circumference = Area=
2. Sketch the angle 135° (as in question 1).
107 i . 5. Sketch the sector with radius 6 units,
3. Sketch the angle 6 (as in question 1). centered at (0, 0) with central angle 60°.
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Arc Length = Area =

Extra sketching space above Total Perimeter=

Values of (x, y) at top corner=
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Figure 4.1 Figure 4.2

An angle is determined by rotating a ray (half-line) about its endpoint. The
starting position of the ray is the initial side of the angle, and the position after
rotation is the terminal side, as shown in Figure 4.1. The endpoint of the ray is
the vertex of the angle. This perception of an angle fits a coordinate system in
which the origin is the vertex and the initial side coincides with the positive
x-axis. Such an angle is in standard position, as shown in Figure 4.2. Positive
angles are generated by counterclockwise rotation, and negative angles by

clockwise rotation, as shown in Figure 4.3. Angles are labeled with Greek letters
such as « (alpha), B (beta), and 6 (theta), as well as uppercase letters such as A, |

B, and C. In Figure 4.4, note that angles o and B have the same initial and ter-
minal sides. Such angles are coterminal,
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Figure 4.3 Figure 4.4 ——

Reference Angles

The values of the trigonometric functions of angles greater than 90° (or less than
0°) can be determined from their values at corresponding acute angles called ref-
erence angles.

Definition of Reference Angle

Let  be an angle in standard position. Its reference angle is the acute angle
6’ formed by the terminal side of 6 and the horizontal axis.
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Figure 4.35 shows the reference angles for 6 in Quadrants IT, III, and IV.
Quadrant II
Reference
N0 Sne fieéenec’e A8 8//\ angle: 6’
Y A £ S } [ 3 //
T i\
Lo
Refere\nce Quadrant % N Qm;;i/rant
angle: ¢’ 1

0’ = m— 0 (radians)
6" = 180° - 6 (degrees)

Figure 4.35

&’ = 6« (radians)
8 = 6~ 180° (degrees)

6 =271 ~ @ (radians) -
6" = 360° - 6 (degrees)
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Worksheet 6.3: The Unit Circle

Figure 11
2 3

0 0 3 I 3 3 ¥ ¥ T ul
0 0° 30° 45° 60° 90° 120° 135° 150° 180°
cos @

sin @

0 210° 225° 240° 270° 300° 315° 330° 360°
cos

sin 6




‘f
t

, |
| D\%@Pﬁg&"g l’mtgi ~ J {;’U pg

\9 ":lew'@ ]": ‘ !‘

N o

" \se Dsres Mide (piin GETTE

Mm Dosvee ( 2 [ ,—*Ag)

12.47 N 6o,




[(s] foimeipae  UAVES 47 e PIE Rt FumcTions

BN wtvg pruciene ypcues Qeals/u i
Z Me

O i ¢ - f'{% - (“‘.-\2 . U_fz N /y\/ Lmﬂ\.}eb’)"ﬂyl LP ? '3"{
ONETO~0nE | PARENT - REMRICTEp L) MM,
=PRIkt VALY ES

Foe‘mf mneg{’
p 161

r

FuncTyon Fuvenow

Sonx Sih x ~90° < x £ 9p°
Cos x } CosX 0% ¢ x t(t®
NN tonx | Z90° < <707 ;

Csex Csex | —90°& & To° emd ¥ #0° -
n o [T
0° € & £ [0 osd XY+ ¢ | mfféggg_g

_f & ¥ Sec¢x
Cot x ot X O <x < IRe° ,
N . Pt S sy

NE ¢ C/hprr}a'z LT
~— GH LY VEED I AMC ol

77;)9(: e hit gvm Qé{é&é s g Ty e S X f;i«ﬁmfﬁf PR
{W w (/‘Vhif J’?ﬂx;{ - S\{:;\(Kf ; AV{S‘D"}{; C()J‘My/ C{?vslfcﬁ

C A ( A W bses ?ﬁ;ﬁ hicled Do, . - UL At {:‘gﬁg\jéi&ﬂﬂml’/
Carly Cs'y = S (V)
Cos?y [0 S = Cos (Vx)
Tedy A Oty = 90°Tam™'(x) = T~ Tan]

| &
(NoTe DIFFEmENcE IN 6T/ TAv)

Kesteicres
LA E S Cotr™
L S N

S

NTO




Rt

@ Hjﬁ; = A e Faoth Lf@ﬁtf p.277

[ =29

| = CosX

[ YW)



LIBRARY OF FUNCTIONS SUMMARY

Linear Function Absolute Value Function Square Root Function
f&x) = mx + b g _dx x=20 fx) = Vx
b = M B -x, x<0
y y y
2+ 4+

> ]

STy o

fO)=mx +b,| || fx) = mx + b, 10,0 2 3 4
m>0 me<( -2+ -1+
Domain: (— oo, 00) Domain: (— o0, co) Domain: [0, o)
Range: (— o0, 00) Range: [0, co) Range: [0, oo)
x-intercept: {—b/m, 0) Intercept: (0, 0) Intercept: (0, 0)
y-intercept: (0, b) Decreasing on (-~ oo, 0) Increasing on (0, co)
Increasing when m > 0 Increasing on (0, oo)
Decreasing whenm < 0 Even function

y-axis symmetry

Greatest Integer Function Quadratic (Squaring) Function Cubic Function

f) =[] flx) = ax? fx) = 3

y ¥ Y
L g ®]
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T t T i } . X } } { t } t X } } T } { t X
-3 -2 -t 1 2 3 -2 -1 1 2 4 -3 -2 3
~—c —11 -1+
-0 -+ -2+ ; -2
[ anan®’ -3+ ~34 ~34
Domain: (— oo, oo) Domain: (— o0, oo) Domain: (— o0, c0)
Range: the set of integers Range (a > 0): [0, c0) Range: (— o0, o0)
x-intercepts: in the interval [0, 1) Range (a < 0): (— o0, 0] Intercept: (0, 0)
y-intercept: (0, 0) Intercept: (0, 0) Increasing on (— oo, o0)
Constant between each pair of Decreasing on {(~o0, 0) fora > 0 Odd function
consecutive integers Increasing on (0, co) fora > 0 Origin symmetry
Jumps vertically one unit at Increasing on (—o0, 0) fora < 0
each integer value Decreasing on (0, oo) fora < 0

Even function

y-axis symmetry

Relative minimum (a > 0),
relative maximum {(a < 0),
or vertex: (0, 0)

N 9.



Rational (Reciprocal) Function

fw) =+

fx) =~

-+

Domain: {(~ o0, 0) U (0, oo)
Range: (— o0, 0) U (0, oo)

No intercepts

Decreasing on {~— oo, 0) and(0, oo)

QOdd function

Origin symmetry

Vertical asymptote: y-axis
Horizontal asymptote: x-axis

Sine Function

flx) = sinx

e

Domain: (— oo, o0)

Range: [— 1, 1]
Period: 27

x-intercepts: (nr, 0)

y-intercept: (0, 0)

Odd function

Origin symmetry

Exponential Function
fx)=a,a>0 a+#1

y

©, D a

Domain: (— oo, co)
Range: (0, co)
Intercept: (0, 1)
Increasing on (— oo, o)

for f(x) = a*
Decreasing on (oo, o0)
for flx) = a™*

x-axis is a horizontal asymptote
Continuous

Cosine Function
flx) = cos x

Domain: (— o0, c0)
Range: {1, 1]
Period: 27

12_7 + nr, O)
y-intercept: {0, 1)

Even function

y-axis symmetry

x-intercepts: (

Logarithmic Function
fx) = log,x, a >0, a# 1

¥

1,0

1 2

Domain: (0, o0)

Range: (— o0, oo)

Intercept: (1, 0)

Increasing on (0, co)

y-axis is a vertical asymptote

Continuous

Reflection of graph of f(x)} = a*
inthe liney = x

Tangent Function
fx) = tan x

il

Domain: all x # —;Z + nar

Range: (— oo, c0)
Period:
x-intercepts: (n, 0)
y-intercept: (0, 0)
Vertical asymptotes:

i
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Odd function
Origin symmetry
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Cosecant Function
fx) = csex

1
y f(x)—CSCx-—--s—i;]—;

oin 4

Domain: all x # nz

Range: {(—oco, —1]U[1, c0)
Period: 24

No intercepts

Vertical asymptotes: x = nar
Odd function

Origin symmetry

Inverse Sine Function
flx) = arcsin x

y

(MR
+

I
2

Domain: [—1, 1]
T
Range: l: X 2:]
Intercept; (0, 0)
Odd function
Origin symmetry

Secant Function
fx) = secx

1
yl ) =secx = pov—

Ny 4
o+
g+
[

Y

~3-4

Domain: all x # —2"5 + nir

Range: (— oo, —1]U[1, o)
Period: 2
y-intercept: {0, 1)
Vertical asymptotes:
X = g + nw
Even function
y~axis symmetry

Inverse Cosine Function
f(x) = arccos x

¥

f e

} x

-1

— 4

Domain: [~ 1, 1]
Range: [0, 7]

y-intercept: (O, —;—T)

Cotangent Function
fx) = cotx

1|
y f(x)—cotx—tanx:

Domain: all x # nr
Range: (— o0, o)
Period: 7

. T
X-intercepts: (—i + nm, 0)

Vertical asymptotes: x = n1r
Odd function
Origin symmetry

Inverse Tangent Function z
flx) = arctan x ;

hd

(SR
i
H

(1

Domain: (— o0, co)
T
Range: ( 2 2)
Intercept: (0, 0)
Horizontal asymptotes:
T
QOdd function
Origin symmetry
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Definition of the Six Trigonometric Funct
Right triangle definitions, where 0 < 6 < /2.

TRIGONOMETRY

ions

sin 6 = opp cse § = hyp
hyp opp
_ adj - hyp
5 cos § = hy sec 6 adj
Adjacent opp adj
pa— v o t Pt
tan 6 adi 8 opp
Circular function definitions, where 8 is any angle.
y . y r
) sinf == csch=-
() Y ; )r’
i ’\9\ cosa=; sec¢9=;
i x 3 X y x
\j tan 6 == cotfh ==
X y
Reciprocal ldentities Double-Angle Formulas
N | _ ¢ 1 sin2u = 2 sinu cos u
smx~cs x T cosx anx~cotx cos 2u = cos?u ~— sinu = 2cos?u — 1 =1 — 2sin?n
= 1 _ fy = 1 tan 2 = 2tanu
esex = si T secx  OF tan x 1~ tan’u

Tangent and Cotangent ldentities

sin x Cos x
tan x = ——— = e
C0S X sinx

Pythagorean ldentities
sinx + cos?x = 1

1+ tan?x = sec?x 1+ cot?x = cse? x

Cofunction ldentities

LT
S

N X

) = CoS X cos(lr -x) = sinx
2 2

T T
csc(—z— - x) = SeC X tan(—Z- - x> = cotx
Tr g
sec(a - x) = cscx cot(—j - x) = tan x
Reduction Formulas
sin(—x) = —sinx

cse(—x) = ~cscx
sec(—x) = secx

cos(—x) = cos x
tan(—x) = —tanx
cot(~x) = ~cotx

Sum and Difference Formulas

sin(u + v) = sinu cos v + cos u sin v

cos{u £ v) = cosucos v ¥ sin u sin v
tanu & tanv

tan(u + v) = 1 Ftanutanv

Power-Reducing Formulas

1~ cos2u
2

1 + cos 2u
2

1~ cos2u

1 + cos 2u

sin? y =
cos? y =
tan? y =

Sum-to-Product Formulas

sinu + siny = 25in<u * V) cos(u b v)
2 2
sinu — siny = 2 cos(u + v) sin(u — V)
2 2
+ —
cCosu + cosy = 200s(u 5 V) cos(u 5 v)

u—v

2

).

Cosu ~ cosy = —2 sin(u ;: v) sin(
Product-to-Sum Formulas
sinusinvy = %[cos(u ~ v} ~ cos(u + v)]
COSHCOSY = —i—[cos(u -~ v) + cos(u + v)]
sinucosv = %[sin(u + v) + sin(u — v)]

cos usiny = %[sin(u + v) — sin(u — v)]

Ni20,
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